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Abstract

We consider a mathematical programming model with probabilistic con-
straints and we solve it by transforming this problem into a multiple objective
linear programming problem. Also we obtain some results by using the approach
of crisp weighted possibilistic mean value of fuzzy number.
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1. INTRODUCTION

Predictions about investor portfolio holdings can provide powerful tests of
asset pricing theories. In the context of Markowitz portfolio selection problem,
this paper develops a possibilistic mean VaR model with multi assets. Further-
more, through the introduction of a set of investor-specific characteristics, the
methodology accommodates either homogeneous or heterogeneous anticipated
rates of return models. Thus we consider a mathematical programming model
with probabilistic constraint and we it solve by transforming this problem into
a multiple objective linear programming problem. Also we obtain our results
by using the approach of crisp weighted possibilistic mean value risk and possi-
bilistic mean variance of fuzzy number.

The rest of the paper is organized in the following manner. Section 2, pro-
pose a formulation of mean VaR the portfolio selection model with multi assets
problem. Section 3, consider an overview of the possibility theory and propose a
possibilistic mean VaR portfolio selection model. Also some results relatively to
efficient portfolios are stated. In section 4, are obtained some results for efficient
portfolios in the frame of the weighted possibilistic mean value approach. Thus
are extended some recently results in this field [4, 6, 7].



2. MEAN VaR PORTFOLIO SELECTION MULTIOBJECTIVE
MODEL WITH TRANSACTION COSTS
We begin by using the rates of return of the risky securities in the economic
when we have a multivariate normal distribution. In practice, the computing
of a portfolio’s VaR this is a popular assumption when ( see Hull and White
[11)).
2.1 MEAN DOWNSIDE-RISK FRAMEWORK

In this section we extended [7, 8, 12] for i assets. In practice investors are
concerned about the risk that their portfolio value falls below a certain level.
That is the reason why different measures of downside-risk are considered in the
multi asset allocation problems. Denoted the random bariable v;,7 = 1,q the
future portfolio value, i.e., the value of the portfolio by the end of the planning
period, then the probability

P(v; < (VaR);), 1 =1,q,

that v; the portfolio value falls below the (VaR); level, is called the shortfall
probability. The conditional mean value of the portfolio given that the portfolio
value has fallen below (VaR); , called the expected shortfall, is defined as

E(v;|v; < (VaR);).

Other risk measures used in practice are the mean absolute deviation

E{(|lvi = E(vi)]) [vi < E(vi) },

and the semi-variance

E((vi = E(vi))? [vi < B(v:))

where we consider only the negative deviations from the mean.

Let z;(j = 1,n) represents the proportion of the total amount of money
devoted to security j and M;; and My; represent the minimum and maximum
proportion of the total amount of money devoted to security j, respectively. For
j =1,n,i=1,q, let j; be a random variable which is the rate of the ¢ return

n

of security j. Then v; = ) rj;x;.
j=1

Assume that an investor wants to allocate his/her wealth among n risky secu-
rities. If the risk profile of the investor is determined in terms of (VaR);,i = 1, ¢,
a mean-VaR efficient portfolio will be a solution of the following multiobjective
optimization problem

(2.1) Mazx [E(v1), ..., E(vi)]

(2.2) subject to P{v; < (VaR);} < B;,i =1,...,k,

n

(2.3) Yz =1

(24) Mlj ij SMQJ,.]:Z:H

In this model, the investor is trying to maximize the future value of his/her
portfolio, which requires the probability that the future value of his portfolio
falls below (VaR); not to be greater than j3,,i =1, q.

2.2. THE PROPORTIONAL TRANSACTION COST MODEL

The introduction of transaction costs adds considerable complexity to the op-
timal portfolio selection problem. The problem is simplified if one assumes that



the transaction costs are proportional to the amount of the risky asset traded,
and there are no transaction costs on trades in the riskless asset. Transaction
cost is one of the main sources of concern to managers [1, 17.

Assume the rate of transaction cost of security j(j = 1,n) and allocation of
i(i = 1, q) asset is ¢;;.Thus the transaction cost of security j and allocation of ¢

n
assets is ¢j;x;. The transaction cost of portfolio x = (z1,...,24) i8> ¢jizj, @ =
j=1
1,q. Considering the proportional transaction cost and the shortfall probability

constraint, we purpose the following mean VaR portfolio selection model with
transaction costs:

(2.5) Mazx [E(vl) — > iz — ... — E(vg) — > cjrz;
j=1 j=1

(2.6 subject to P.{v; < (VaR);} < B;,i=1,q,

(2.7

6)
) gll'j:].,
-8)

(28 Mljgijng,jzl,n.
3. POSSIBILISTIC MEAN VaR PORTFOLIO SELECTION
MODEL

3.1 POSSIBILISTIC THEORY

We consider the possibilistic theory proposed by Zadeh [17]. Let @ and b
be two fuzzy numbers with membership functions u; and pg respectively. The
possibility operator (Pos) is defined as follows [5].

Pos(a < b) = sup{min(uz(x), u3(y)) [z, y € R,z <y}

(3.1) Pos(a < b) = sup{min(uz(2), 15(y)) |2,y € R,z <y}

Pos(i = B) = sup{min(yiz (x), 15(x)) |o € R}
In particular, when bis a fuzzy number b, we have
Pos(a < b) =sup{uz(z) |z € R,z <b}
(3.2) Pos(a < b) = sup{uz(z) |z € R,z < b}
Pos(a =b) = puz(b).

Let f: R xR — R be a binary operation over real numbers. Then it can be
extended to the operation over the set of fuzzy numbers. If we denoted for the
fuzzy numbers @, b the numbers ¢ = f(a,b), then the membership function p is
obtained from the membership function u; and pz by

(3:3)  pe(z) = sup{min(uz(2), 15(y)) lv,y € R,z = f(z,y)}

for z € R. That is, the possibility that the fuzzy number ¢ = f(a, b) achives
value z € R is as great as the most possibility combination of real numbers x, y
such that z = f(z,y), where the value of @ and b are x and y respectively.

3.2 TRIANGULAR AND TRAPEZOIDAL FUZZY NUMBERS

Let the rate of return on security given by a trapezoidal fuzzy number r =
(r1,79,73,74) Where r; < ro < 73 < 74, and the membership function of the
fuzzy number 7 can be denoted by:
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Figura 3.1: Two Trapezoidal Fuzzy Number 7 and b.
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We mention that trapezoidal fuzzy number is triangular fuzzy number if
o =T3. _

Let us consider two trapezoidal fuzzy numbers 7 = (r1,79,73,74) and b =
(b1, ba, b3, by), as shown in Figure 3.1.

If ro > b3, then we have

Pos(r < b) = sup{min(puz(2), 15(y)) |z < y}
> min{ (p7(r2), p(bs)} = min{1, 1} = 1,
which implies that Pos(7 < b) = 1. If 75 > b3 and r; < by then the supremum
is achieved at point of intersection d,, of the two membership function u(x) and
pz(z). A simple computation shows that

Pos{r <b}=6= %
and
dp =71+ (ro —1y6
If 1 > by, then for any = < y, at least one of the equalities
pi(x) = 0, pi(y) =0
hold. Thus we have Pos{r < b} = 0. Now we summarize the above results
as

~ 1 ) < bS
(35) POS{?S b} = é s T2 > b377’1 < b4
0 s T1 > b4.

Especially, when b is the crisp number 0, then we have



1 , T2 S 0
(3.6) Pos{r <0}=1 ¢ ,mr1 <0<
0 ,T1 Z 0
where
(3.7) 0=-"1

ri—ry’
We now turn our attention the following lemma.

LEMMA 3.1 [5] Let 7 = (r1,r2,73,74) be trapezoidal fuzzy number. Then
for any given confidence level a with 0 < a < 1, Pos(T < 0) > « if and only if
(1—-a)r +ary <0.

The X\ level set of a fuzzy number ¥ = (r1,72,73,74) 8 a crisp subset of R
and denoted by [F]* = {z |u(x) > X,z € R}, then according to Carlsson et al [4]
we have

P = {z|p@) > Az € R} = [r1 + A(ra — r1), 74 — A(ra — 73)].

Given [ﬂ’\ = {a1(X), az(N)], the crisp possibilistic mean value of ¥ = (71,72, 73,74)

is

- 1
E@) = [Aa1(N) + a2 (N)dA.
0
where E denotes fuzzy mean operator.

We can see that if ¥ = (r1,7r2,73,74) is a trapezoidal fuzzy number then

~ 1
(3.8) EF) = {)\(7’1 +A(ra—r1) +ra—A(ra—rsg))d) = 28 4 1t

3.3. EFFICIENT PORTFOLIOS

Let x; the proportional of the total amount of money devoted to security j
, My, and My, represent the minimum and maximum proportion respectively
of the total amount of money devoted to security j . The trapezoidal fuzzy
number Of ’I"ji is ’/FJZ = (T(ji)lar(ji)27T(ji)37r(ji)4) Where T(ji)l < r(ji)Q S r(ji)S <
7(jiya- In addition, we denote the (VaR); level by the fuzzy number trapezoidal
b= (bu, bi2, bis, bi4), 1=1,....k.

Using this approach we see that the model given by (2.5)-(2.8) E(v;) reduces
to the form from the following theorem..

THEOREM 3.1 The possibilistic mean VaR portfolio model for the vector
mean VaR efficient portfolio model (2.5)-(2.8) is

(39) max{E <Z?j1$j) — Zlezj — e — E (Z?]kxj> — chkxj
3 i=1 i=1 i=1

=1

(3.10) s.t Pos <Z’ijl‘j < 51) < B;i=1,q,
i=1

(3.11) Z:L‘j =1,
i=1

(3.12) Myj <z < My, jj=1,n.

In the following for obtain the efficient portfolios given by Theorem 3.1 we
use White [15].



THEOREM 3.2 If \; > 0,i =1, ..., k, then an efficient portfolio for possi-
bilistic model is an optimal solution of the following problem :

n ~ n n
(3.13) max »  A; [E <Z?jiwj> — D Cjit;
i=1 i=1 i=1

n

7

(3.14)  s.t Pos < Firty < Ei) < B, i=1,4q,

1

n
(3.15) lej =1,
1=
(316) Mlj < € < ng, j = 1,7’11

Using the fact that rate of return on security j(j = 1, n) by trapezoidal fuzzy
number, from which the required result follows.

THEOREM 3.3. Let rate of return on security j(j = 1,n) by the trape-
zoidal Ty = (T(jiy1, T(ji)2: T(ji)3s T(Giya) Where r(jig < T(ji2 < T(jiz < T(jiya-
In addition b = (by;, bi2, bis, bia) is trapezoidal fuzzy number for VaR level and
A > 0, with i = 1,q.Then using the possibilistic mean VaR portfolio selection
model on efficient portfolio is an optimal solution for the following problem :

n 2raoetit X rgostit - X rGo®it X rgnai  n
(3.17) max » A | = 3 + = 6 — > cjixj

i=1 =1

n n
i=1 j=1

L,

(3.19) ;xj =1,
(320) Mlj S Ty S ng, j = 1,7774

Proof : Really, from the equation (3.8), we have

~ [/ n er<ji>2ivj+vzl7”(jz‘)3wj Zlmmwj-i-Zlmi)wj-i- n
1= 1= 1= 1=
FE E 1Tji.%'j = 3 + 5 — E 1Cji$j R
1= 1=

From Lemma 3.1, we have that

n ~
Pos ( TieT; < bi) < B;,i=1,q, is equivalent with
1

1=

(1-5;) (ZIT(ji)lzj - bi4> + B; (er(ji)zifj - bi3> > 0.
J= J=

Furthermore, from (3.17)-(3.20) given by Theorem 3.2, we get is the following
form :

n n n n
k /Z:lr(jiﬂxj“r Z:lr(ji)sz]' Z:lr(ji)ll’ﬂr _Z:l"‘(ji)élzj n
(321) maxZ)\i = 31_ + = 61_ — chixj

z€R"; 7 j=1

(3.22) s.t. (1 — ﬁl) (ZT(ji)le - bi4> —|—,6,; <Zr(ji)2xj — bw,) Z O,i =
Jj=1 j=1

L,



(3.23) Sa; =1,
=1

(324) Mlj S Zj S ng, j =i = 1,?’L.

This completes the proof. B

Problem (3.21)-(3.24) is a standard multi-objective linear programming prob-
lem. For optimal solution we can used several algorithm of multi-objective pro-
gramming [12, 14].

4. WEIGHTED POSSIBILISTIC MEAN VALUE APPROACH

In this section introducing a weighting function measuring the importance
of A-level sets of fuzzy numbers we consider define the weighted lower possibilis-
tic and upper possibilistic mean values, crisp possibilistic mean value of fuzzy
numbers, which is consistent with the extension principle and with the well-
known definitions of expectation in probability theory. We shall also show that
the weighted interval-valued possibilistic mean is always a subset (moreover a
proper subset excluding some special cases) of the interval-valued probabilistic
mean for any weighting function.

A trapezoidal fuzzy number 7 = (r1, 79,73, 74) llis a fuzzy set of the real line
R with a normal, fuzzy convex and continuous membership function of bounded
support. The family of fuzzy numbers will be denoted by F. A A-level set of
a fuzzy number ¥ = (1,79, r3,74) Wis defined by [7]* = {z |u(z) > \, = € R},
thenll

[ = {z|p@) > A, w € R} =[r1 + A(r2 — 1), 74 — A(ry — )],

if A >0 and [7]* = cl{z € R|u(z) >0} (the closure of the support of 7) if
A = 0. It is well-known that if 7 Bis a fuzzy number then [7]* Bis a compact
subset of R for all A[0, 1].

DEFINITION 4.1 [6] Let 7 € F W be fuzzy number with [F]* = [a1()), az(M)], A €
[0,1]. A function w : [0,1] — R is said to be a weighting function if w is non-
negative, monoton increasing and satisfies the following normalization condition

(4.1) }w(A)dA = 1.
0

The w-weighted possibilistic mean (or expected) value of fuzzy number ¥ is
— 1
(4.2)  E,F) = {Mw()\)d)\.
It should be noted that if then
— 1
E,(7) = [la1(A) + az(A)]AdA.
0

That is the w-weighted possibilistic mean value defined by (4.2) can be con-
sidered as a generalization of possibilistic mean value in [6]. From the definition
of a weighting function it can be seen that w(A) might be zero for certain (unim-
portant) A-level sets of 7. So by introducing different weighting functions we
can give different (case-dependent) important to A-levels sets of fuzzy numbers.

Let 7 = (11,72, @, 8) Wbe a fuzzy number of trapezoidal form and with peak
[r1, 2], left-width o > 0 and right-width 8 > 0 and let



w(A) = (2¢ = D[(1 =)~/ —1],
where ¢ > 1. It’s clear that w is weighting function with w(0) = 0 and
li{n Ow()\) = 0.
q—1—

Then the w-weighted lower and upper possibilistic mean values of 7 are

computed by
1
w() = [lri— (1= N)a]2q[(1 = A)71/20 —1]dA
0
=" - 43f1'

and

w (M)(F) = z[ﬁ + (1= \)B]2g[(1 — \)~Y/2a — 1]dx

and therefore
Ey(7) =[r1 — 43a177°2 + 4qﬁ ]

(43) Eu() = 247 + 5.
This observation along Wlth Theorem 3.1 as section 3.3 leads to the following
theorem.

THEOREM 4 1 The mean VaR efficient portfolio model is
k
(Zm%) - Zlcjﬁj]

(4.4) max Z)\

T€R

(45) s.t. Pos <Z?]Z.T] <Zl> < 6“2 =1,..k,
j=1

(4.6) Sap =1,

i=1

(4.7 Mij <zj <My, j=1,...,n

In the next theorem we extend Theorem 3.3 to the case weighted possibility
mean value approach w(\).

THEOREM 4.2. Let w(\) = 2¢[(1 — A)fﬁ —1],q > 1 is weighted pos-
sibility mean of fuzzy number 7;; and let rate of return on security j(j =
L,...,n) by the trapezoidal number 7j; = (T(ji)1, T(ji)2> T(ji)3> T(ji)a) where T(ji)1 <
TGz < Tz < T(jiya and addition b= (b14, bia, bis, big) is trapezoidal number
for (VaR);,i = 1,....k . Then the possibilistic mean VaR portfolio selection
model is

ZT(]z)II] Zr(gz)2xj q(zlr(_ii)le er(ji)4wj> n
j= j=
+

(4.8) ﬁ%ﬁfZA = 2040-1) = . Gji%;

2

(4.9) s.t. (1—5;) <Z7"(j¢)1$j - bi4> + 5, (ZT(ji)zxj - bi3> >0, =
=1 j=1

(4.10) lej =1,
J=

oo



Proof : Really, from the equation (4.2), we have

n n n
X rgoizt er(ﬂ)ij"' q ( ZITW)”/’J'* 2 ’”Ui)”j)
j= i=

= &~ = =1 .
E (2:17"3'1'%‘ == 2 + 2(4q—J1) i=1lg
j=

From Lemma 3.1, we have that

n ~
Pos (ijka?j <bi| <B;,i=1,..,k, is equivalent with

i=1
(1-5) (Zl?"(ji)le - bi4> + B; (er(ji)sz - bi3> > 0.
J= J=

Furthermore, from (4.8)-(4.11) given by Theorem 4.1, is the following form :
ir(ji)lafj‘i’_il"'(jiﬂzj Q<§:T(ji)le_£:"'(ji)4$j
=

k n
| & j=1 j=1 _ o
(4.12) grvréz]%?;)\l 5 + A=) J;lcgz:w

(4.13) s.t. (1 — ﬁl) (Zr(ji)lmj — bi4> + 5, (ET(ji)ij — bi3> >0, =
i=1 i=1

La,
n
j=1
(415) Mlj S Ty S ng, j = l,n.

This completes the proof. B
Problem (4.12)-(4.15) is a standard multi-objective linear programming prob-
lem. For optimal solution we can used several algorithm of multi-objective pro-
gramming [12, 15].
For ¢ — oo (4.3) we see that qlLr&Ew(?) = ndrz 4 B—Ta. Thus we get

COROLLARY 4.1 For ¢ — oo, the weighetd possibilistic mean VaR effi-
cient portfolio selection model can be reduce to the following linear programming
problem:

=1
max Y A; |2
zeR™, 7

n
j=1 j= )
2Ga-T) — 2T
=

n n n n
k >orgoiti+ erm)zzj q ( 2T Ti— _lez')wj
=
_|_

n n
s.t. (]. — ﬁz) (Zr(ji)lmj - bz4> +ﬁz (Z?"(ﬂ)giﬂj - bﬁ) 2 O,Z = ]_, ,k
j=1 j=1

Z:Ej =1
j=1

My <a; < My, j=1,n.
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