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Abstract

Two fuzzy statistical models are generalized and extended to the weighted
models. The new regression problems are solved and compared with the origi-
nals.
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1. INTRODUCTION

This work tackles the parameter estimation for regression problems with
fuzzy data. Generally, the estimation problems consist in choosing and mini-
mizing an objective function (see Arthanary and Dodge [1]). One of the most
used methods in this domain is fuzzy least squares (Diamond [5,6,7] and Coppi
[4] for triangular fuzzy numbers; Ming, Friedman and Kandel [11] in a more gen-
eral case). This paper brings together two models, consequently two approaches
for this subject: �rst, proposed by Coppi et al. [4] and the second, given by
Ming et al. [11]. We generalize the two norms in each case and obtain the
weighted models. This kind of weighted models describes with more accuracy
various phenomenons (for example a lot of economic models). The estimations
for parameters and the regression lines in each distinct situation are given.

2. THE WEIGHTED COPPI MODEL

We generalize and test the viability of the algorithm developed by R. Coppi
et al. [4] for estimation problems which implies fuzzy data.
Let the input fuzzy variables X1; :::; Xm and a fuzzy output variable, Y , on

a size n sample [4]. The data will be denoted by (eyi; xi), i = 1; :::; n, where
xTi = (xi1 ; :::; xim). We work with LR fuzzy variables: eY = (m; l; u)LR, where
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� (y) =

�L�m� y
l

�
; y � m; (l > 0)

R

�
y �m
u

�
; y � m; (u > 0)

.

We consider the theoretical values �, �L, �U and the errors ", "L, "U . Thus
we may write
m = �+ "
m� l =

�
�� �L

�
+ "L

m+ u =
�
u+ �U

�
+ "U (2.1)

or, after a reparametrization:
� = F
�L = �L�+ "L1
�U = �U�+ "U1 (2.2)
where F is a matrix, whose rows have the form fTi = [f1 (xi) ; :::; fp (xi)].

Thus the theoretical values of the output variable are eyi� = �
�i; �Li ; �Ui

�
LR
,

i = 1; n.

De�nition 2.1.
We introduce the following weighted distance which is a generalization of a

metric proposed by Coppi and d�Urso [4]: for w = (w1; w2; w3) we have
d2 (w; ey; ey�) = d2 �w; (m; l; u)LR ; ��; �L; �U�LR� = �2LR (w; �) =
= w1 km� �k2 + w2

(m� �l)� ��� ��L�2+
+w3

(m+ �u)� ��+ ��U�2.
Theorem 2.1.
The following relation holds:

d2 (w; ey; ey�) = (w1 + w2 + w3) h(m� �)T (m� �)i�
�2w2� (m� �)T

�
l � �L

�
+ w2�

2
�
l � �L

�T �
l � �L

�
+

+2w3� (m� �)T
�
u� �U

�
+ w3�

2
�
u� �U

�T �
u� �U

�
.

Proof:
d2 (w; ey; ey�) = �2LR (w; �) = w1 km� �k2 + w2 (m� �)� � �l � �L�2+
+w3

(m� �) + � �u� �U�2 =
= w1 (m� �)T (m� �)+
+
h
w2 (m� �)T (m� �)� 2w2� (m� �)T

�
l � �L

�
+

+w2�
2
�
l � �L

�T �
l � �L

�i
+

+
h
w3 (m� �)T (m� �) + 2w3� (m� �)T

�
u� �U

�
+

+w3�
2
�
u� �U

�T �
u� �U

�i
=

= (w1 + w2 + w3)
h
(m� �)T (m� �)

i
�

�2w2� (m� �)T
�
l � �L

�
+ w2�

2
�
l � �L

�T �
l � �L

�
+
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+2w3� (m� �)T
�
u� �U

�
+ w3�

2
�
u� �U

�T �
u� �U

�
.

For particular case w1 = w2 = w3 = 1 we obtain the results from Coppi and
d�Urso [4].

Remark 2.1.
The algorithm for �nding , �L, �U , �L, �U is reducing to minimizing the

weighted distance d2w between the experimental measurements of the response
variable eyi, i = 1; n and the theoretical values eyi�.
In other words, we have to solve the problem:

min
;�L;�U ;�L;�U

�2LR
�
w; ; �L; �U ; �L; �U

�
.

Theorem 2.2.
The problem min

;�L;�U ;�L;�U
�2LR

�
w; ; �L; �U ; �L; �U

�
admitts local solutions

(local minimum) which may be improved using an iterative estimation algorithm.
Proof:
We have:
�2LR

�
w; ; �L; �U ; �L; �U

�
=

= (w1 + w2 + w3)
h�
m� F

�T �
m� F

�i
�

�2w2�
�
m� F

�T �
1� F�L � 1�L

�
+

+w2�
2
�
1� F�L � 1�L

�T �
1� F�L � 1�L

�
+

+2w3�
�
m� F

�T �
u� F�U � 1�U

�
+

+w3�
2
�
u� F�U � 1�U

�T �
u� F�U � 1�U

�
=

= (w1 + w2 + w3)
�
mTm� 2mTF + TFTF

�
�

�2w2�
�
mT l �mTF�L �mT 1�L � TFT l + TFTF�L + TFT 1�L

�
+

+w2�
2
�
lT l � 2lTF�L � 2lT 1�L + TFTF�2L + 2TFT 1�L�L + n�

2
L

�
+

+2w3�
�
mTu�mTF�U �mT 1�U � TFTu+ TFTF�U + TFT 1�U

�
+

+w3�
2
�
uTu� 2uTF�U � 2uT 1�U + TFTF�2U + 2TFT 1�U�U + n�

2
U

�
.

We equate to zero the partial derivatives of �2LR
�
w; �L; �U ; �L; �U ; 

�
:

w2
�
TFTm� TFTF � �

�
TFT l � TFTF�L � TFT 1�L

��
= 0 (2.1)

w3
�
�TFTm+ TFTF � �

�
TFTu� TFTF�U � TFT 1�U

��
= 0 (2.2)

w2
�
TFT 1�mT 1 + �

�
lT 1� TFT 1�L � n�L

��
= 0 (2.3)

w3
�
TFT 1�mT 1� �

�
uT 1� TFT 1�U � n�U

��
= 0 (2.4)

FTFT
�
(w1 + w2 + w3)� 2w2��L + w2�2�2L + 2w3��U + w3�2�2U

�
=

= (w1 + w2 + w3)F
Tm� w2�

�
FTm�L + F

T l � FT 1�L
�
+

+w2�
2
�
FT l�L � FT 1�L�L

�
+ w3�

�
FTm�U + F

Tu� FT 1�U
�
+

+w3�
2
�
FTu�U � FT 1�U�U

�
(2.5)
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An iterative solution is given by relations (2.6)-(2.10):
�L = �

�1 �TFTF��1 �� �TFT l � TFT 1�L�� �TFTm� TFTF�� (2.6)
�U = �

�1 �TFTF��1 �� �TFTu� TFT 1�U�+
+
�
TFTm� TFTF

��
(2.7)

�L = (n�)
�1 �

�1T
�
l � F�L

�
� 1T

�
m� F

��
(2.8)

�U = (n�)
�1 �

�1T
�
u� F�U

�
+ 1T

�
m� F

��
(2.9)

 = [(w1 + w2 + w3)� w2��L (2� ��L) + w3��U (2 + ��U )]
�1 ��

FTF
��1

FT�
�
�
(w1 + w2 + w3)m� w2� (m�L + l � 1�L) + w2�2 (l�L � 1�L�L)+

+w3� (m�U + u� 1�U ) + w3�2 (u�U � 1�U�U )
�
(2.10)

We don�t have the certainty that the equations (2.6)-(2.10) give a global
solution. It�s necessary to resort to an iterative algorithm. The routine for
�nding the iterative solution with help of a computer is available in literature
(see Coppi et al.).

Remark 2.2.
After some calculation, we observe that the properties of the solution obtained

from the weighted model are the same as in the Coppi�s nonweighted model (see
Coppi et al. [4], Proposition 1,2,3):

i) w11T (m� b�) = 0; w21T �l �c�L� = 0; w31T �u�c�U� = 0;
ii) w1 (m� b�)T b� = 0;
iii)

�
l �c�L�T c�L = 0, �u�c�U�T c�U = 0;

where b�d, �Ld, �U are the iterative solutions obtained from the normal equa-
tions system (2.6)-(2.10).

3. AN EXTENSION FOR THE MING APPROACH

In this section, a weighted model especially based on Ming approach in the
�eld of fuzzy optimization, is developed.

De�nition 3.1.
We consider a fuzzy space F 1 as a function space with the following proper-

ties [2,11]:
i) the elements of F 1 are the functions f : R! [0; 1] , which are called fuzzy

numbers;
ii) f (x0) = 1 for some x0 2 R;
iii) f (�x+ (1� �) y) � min ff (x) ; f (y)g ; x; y 2 R;� 2 [0; 1] ;
iv) lim sup

x!t
f (x) = f (t) ; t 2 R;

v) [f ]0 =closureft=t 2 R; f (t) > 0g is compact.
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De�nition 3.2.
If f; g 2 F 1, � 2 R, r 2 [0; 1] we may introduce [10,12]:

[f ]
r
=

�
ft=f (t) � rg ; 0 < r � 1
ft=f (t) > 0g ; r = 0 ; consequently, the operations with fuzzy

numbers are:
i) [f ]r + [g]r = fa+ b=a 2 [f ]r ; b 2 [g]rg;
ii) � [f ]r = f�a=a 2 [f ]rg.

Remark 3.1.
[f ]

r
=
�
f (r) ; f (r)

�
is a closed interval and [8,11]:

i)f (r) is a bounded left continuous nondecreasing function over [0; 1] ;
ii)f (r) is a bounded left continuous nonincreasing function over [0; 1] ;
iii)f (r) � f (r) ; for all r 2 [0; 1] ;
iv)the functions f (r) ; f (r) de�ne a unique fuzzy number f 2 F 1:

Remark 3.2.
Since Xi =

�
Xi (r) ; Xi (r)

�
2 F 1 then the triangular form for Xi is:

Xi =
�
xi; ui; ui

�
where Xi (r) = xi�ui+uir and Xi (r) = xi+ui�uir [11].

De�nition 3.3.
Now we consider a generalization of metric D2 [2,3,8,9,11], in fact a weighted

metric:
for f; g; w 2 F 1 we de�ne the weighted distance between f and g as follows:

D2 (w; f; g) =
R 1
0
w (r)

�
f (r)� g (r)

�2
dr +

R 1
0
w (r)

�
f (r)� g (r)

�2
dr:

For Xi =
�
Xi (r) ; Xi (r)

�
2 F 1 input independent variables,

Yi =
�
Yi (r) ; Yi (r)

�
2 F 1 response variables and wi =

�
wi (r) ; wi (r)

�
2 F 1,

i = 1; n we have:
Xi =

�
xi; ui; ui

�
, Yi =

�
yi; vi; vi

�
, wi =

�
zi; ti; ti

�
where

Xi (r) = xi � ui + uir, Xi (r) = xi + ui � uir,
Yi (r) = yi � vi + vir, Yi (r) = yi + vi � vir,
wi (r) = zi � ti + tir, wi (r) = zi + ti � tir.
We assume that the dependence between X and Y is given by Y = a+ bX;

a, b are unknown real parameters and b 6= 0. It is necessary to estimate a, b
using weighted least squares method.
Thus we must minimize the sum of squared deviations between theoretical

and experimental values:

S (a; b) =
nP
i=1

D2 (wi; a+ bXi; Yi).

Theorem 3.1.
The sum of squared deviations S (a; b) depends on sign of real parameter b.
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Proof:

We approximate
R 1
0
f (r) dr ' f (0) + f (1)

2
(see [6,11]).

If b > 0 we have

S1 (a; b) =
nP
i=1

hR 1
0
wi (r)

�
a+ bXi (r)� Yi (r)

�2
dr+

+
R 1
0
wi (r)

�
a+ bXi (r)� Yi (r)

�2
dr
i
=

=
nP
i=1

hR 1
0

�
zi � ti + ti

� �
a+ b

�
xi � ui + uir

�
� yi + vi � vir

�2
dr
i
+

+
nP
i=1

hR 1
0

�
zi + ti � tir

�
[a+ b (xi + ui � uir)� yi � vi + vir]2 dr

i
'

' 1
2

nP
i=1

n�
zi � ti

� �
a+ b

�
xi � ui

�
�
�
yi � vi

��2
+

+
�
zi + ti

�
[a+ b (xi + ui)� (yi + vi)]2+

+2zi (a+ bxi � yi)2
o
.

If b < 0 we obtain

S2 (a; b) =
nP
i=1

hR 1
0
wi (r)

�
a+ bXi (r)� Yi (r)

�2
dr+

+
R 1
0
wi (r)

�
a+ bXi (r)� Yi (r)

�2
dr
i
=

=
nP
i=1

hR 1
0

�
zi � ti + ti

� �
a+ b (xi + ui � uir)� yi + vi � vir

�2
dr
i
+

+
nP
i=1

hR 1
0

�
zi + ti � tir

� �
a+ b

�
xi � ui + uir

�
� yi � vi + vir

�2
dr
i
'

' 1
2

nP
i=1

n�
zi � ti

� �
a+ b (xi + ui)�

�
yi � vi

��2
+

+
�
zi + ti

� �
a+ b

�
xi � ui

�
� (yi + vi)

�2
+

+ 2zi (a+ bxi � yi)2
o
.

In conclusion, if b > 0 then S (a; b) = S1 (a; b); if b < 0 then S (a; b) =
S2 (a; b).

Theorem 3.2.
The problem min

a2R;b2R�
S (a; b) has a unique solution

�
a; b
�
. Consequently,

there exists a single line, the best line Y = a + bX which �t the given data
(Xi; Yi).
Proof:
We have the problem

min
a2R;b2R�

S (a; b).

Accordingly to Theorem 3.1 we must discuss two possibilites:
1) b > 0. After equate with zero the partial derivatives of S (a; b) we obtain

the system:

a
nP
i=1

�
4zi + ti � ti

�
+
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+b
nP
i=1

��
zi � ti

� �
xi � ui

�
+
�
zi + ti

�
(xi + ui) + 2zixi

�
=

=
nP
i=1

��
zi � ti

� �
yi � vi

�
+
�
zi + ti

�
(yi + vi) + 2ziyi

�
a

nP
i=1

��
zi � ti

� �
xi � ui

�
+
�
zi + ti

�
(xi + ui) + 2zixi

�
+

+b
nP
i=1

h�
zi � ti

� �
xi � ui

�2
+
�
zi + ti

�
(xi + ui)

2
+ 2zix

2
i

i
=

=
nP
i=1

��
zi � ti

� �
xi � ui

� �
yi � vi

�
+

+
�
zi + ti

�
(xi + ui) (yi + vi) + 2zixiyi

�
The determinant is:

�1 =

�
nP
i=1

��
zi � ti

�
+
�
zi + ti

�
+ 2zi

��
�

�
�

nP
i=1

h�
zi � ti

� �
xi � ui

�2
+
�
zi + ti

�
(xi + ui)

2
+ 2zix

2
i

i�
�

�
�

nP
i=1

��
zi � ti

� �
xi � ui

�
+
�
zi + ti

�
(xi + ui) + 2zixi

��2
� 0; from Cauchy-

Schwarz inequality. We may choose �1 > 0 (because Xi are independent vari-
ables), and obtain a unique minimization point (a1; b1) for S1 (a; b):

a1 =
�a1
�1

, b1 =
�b1
�1

where

�a1 =

�
nP
i=1

��
zi � ti

� �
yi � vi

�
+
�
zi + ti

�
(yi + vi) + 2ziyi

��
�

�
�

nP
i=1

h�
zi � ti

� �
xi � ui

�2
+
�
zi + ti

�
(xi + ui)

2
+ 2zix

2
i

i�
�

�
�

nP
i=1

��
zi � ti

� �
xi � ui

� �
yi � vi

�
+

+
�
zi + ti

�
(xi + ui) (yi + vi) + 2zixiyi

�	
�

�
�

nP
i=1

��
zi � ti

� �
xi � ui

�
+
�
zi + ti

�
(xi + ui) + 2zixi

��
and

�b1 =

�
nP
i=1

�
4zi + ti � ti

��
�

�
�

nP
i=1

��
zi � ti

� �
xi � ui

� �
yi � vi

�
+

+
�
zi + ti

�
(xi + ui) (yi + vi) + 2zixiyi

�	
�

�
�

nP
i=1

��
zi � ti

� �
xi � ui

�
+
�
zi + ti

�
(xi + ui) + 2zixi

��
�

�
�

nP
i=1

��
zi � ti

� �
yi � vi

�
+
�
zi + ti

�
(yi + vi) + 2ziyi

��
.

2) b < 0. We have:

a
nP
i=1

�
4zi + ti � ti

�
+

+b
nP
i=1

��
zi � ti

�
(xi + ui) +

�
zi + ti

� �
xi � ui

�
+ 2zixi

�
=
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=
nP
i=1

��
zi � ti

� �
yi � vi

�
+
�
zi + ti

�
(yi + vi) + 2ziyi

�
a

nP
i=1

��
zi � ti

�
(xi + ui) +

�
zi + ti

� �
xi � ui

�
+ 2zixi

�
+

+b
nP
i=1

h�
zi � ti

�
(xi + ui)

2
+
�
zi + ti

� �
xi � ui

�2
+ 2zix

2
i

i
=

=
nP
i=1

��
zi � ti

�
(xi + ui)

�
yi � vi

�
+

+
�
zi + ti

� �
xi � ui

�
(yi + vi) + 2zixiyi

�
Now, �2 =

�
nP
i=1

�
4zi + ti � ti

��
�

�
�

nP
i=1

h�
zi � ti

�
(xi + ui)

2
+
�
zi + ti

� �
xi � ui

�2
+ 2zix

2
i

i�
�

�
�

nP
i=1

��
zi � ti

�
(xi + ui) +

�
zi + ti

� �
xi � ui

�
+ 2zixi

��2
� 0.

As in above case we obtain that this system has a unique minimization point
(a2; b2).
If S (a1; b1) < S (a2; b2) then

�
a; b
�
= (a1; b1).

If S (a1; b1) > S (a2; b2) then
�
a; b
�
= (a2; b2).

Thus we obtain a unique solution for our estimation problem. The theorem
was proved.
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